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MINIMAL, NORMAL COMPACTTFICATIONS OF C2 
by James A.  Morrow 
#I. We want to classify compactifications of c2 .  A co~npactijicafion 
of c2 is a nonsingular compact complex manifold M of complex dimension 2 
which contains a nonempty nowhere dense closed analytic subset A such 
that M - A is biholomorphic to C2. In the next section we show that A 
is a compact connected pure one-dimensional analytic set, and hence is 
a finite union of irreducible curves. By blowing up certain points of A 
we may assume that A has the following properties. 
(1) A = U :, , r , ,  where T i  is a non-singular connected compact 
algebraic curve. 
(2) Ti  intersects T j  normally (if at all), and in at most one point. 
(3) Tin T j  n TI = 0 for any three distinct indices. 
(4) If I?, is a non-singular rational curve and if the self-intersection 
(Ti2) = -1, then blowing Ti  down will give an A' which violates one of 
a compactification a inininzal not.nzal con~pactification (of 
r we shall find all minimal normal compactifications of C2. 
a corollary of our constructions we find that all compactifications of 
are rational. This r e s~ l t  has been obtained by Kodaira [4] by other 
iques. Our results depend heavily on results and techniques devel- 
en [I01 and Ramanujam [7]. In the last section we shall 
pen problems. These results were announced in [6]. 
$2. Let the notation be as in $1. 
emma 1. A is a connected pure one-clin~ensional set, hence a Jinite 
n of irreducible curves. 
roof. It is clear that dimcA, 5 1 where A, is the germ of A at x E A .  
pose that A has two connected components A = B U C.  By considering 
oint neighborhoods of B and C which retract down to B and C,  we 
that C2 is not connected at oo . But this is a contradiction, If dim,A = 0, 
then A is a point and M is homeomorphic to S4. But S4 has no complex 
cture (Bore1 and Serre [I]). Thus dimcA = 1, arid since A is compact 
re done. (This can also be proved by using Hartogs' Theorem.) QE.D. 
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By the resoliitiori of singlilarities for an algebraic curve and by the 
theorem of Castelnuovo-Enriques for a compact surface (see Kodaira [2]), 
we may assume that A satisfies (1) through (4) of $1. Let A = ur ,  as 
in 01. 
Lemma 2. A = U Ti snrisjres the further. condition\ 
( 5 )  Each Ti is a nonsingular rational curve (T, = P1(c)) .  
(6) A contains no cycles, i.e., there is no sequence T,,,...,TIs S L C ~  
that T , , n T  ,,\,, # @ for k = ] , . . . , a - l  and r,,,nr;, f: (ZI. 
Proof. (Van de Ven, Ramanijam). We give the proof in  three parts. 
(a) We first show H1(A) = 0 .  By PoincarC duality we have 
where H c  denotes the q th  cohomology group with compact support. 
Consider the exact cohomology sequence 
NOW M -  A = C2 SO Hh(M) = flh(A) for 0 5 k 5 2 since l1~(C2)  = 0 
for 0 5 /k 5 3 .  So H'(M) = N'(A), By duality Il '(M) = fI,(M). Since 
dim,-(A) = 1 ,  H3(A) = 0 .  The above exact sequence gives H Y M )  = 0. 
But fl,(n/l) = 0 implies that 0 = t l l (M)  = I-['(A) . 
(b) We claim H1(T,) = 0 and hence (5) is true, Let C = Ti and 
B = U,+,T,. Then C n  B is a finite collection of points. The Mayer- 
Vietoris sequence gives 
Thus H1(C) = 0 .  
(c) We prove (6). In this case let B = T i , ,  C = u ,",, r,. Mayer- 
Vietoris again gives 
0 -+ Ho[B U C) -+ HO(B) @ ffo(C) -+ HO(B n C) 4 H'(B U c) .  
This beco~nes 
O + Z  -+Z2 4 zr 4 HL(B U C )  
where I. is the ~liimber of points in B n C .  Since r. 2 2 ,  H '(B U C) # 0 .  
Let D be the union of the rest of the curves in A. Then ~ayer-Vietoris 
gives 
0 = H1(A) -t H1(D) @ H1(B u C) 4 H i ( D n  (B u C)) = 0. 
This yields the contradiction Hi(B u C) = 0.  Thus there are no cycles, 
Q.E.D. 
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Before we state any more properties of A we need to quote the fo1Iowing 
of Van de Ven [lo]. 
Theorem a. M i s  algebraic. 
Each Ti is a divisor on M .  The vector space (over R) with the Ti as basis 
has on it a quadratic form defined by intersection multiplicity. Let b+ be 
the number of positive eigenvalues of the intersection form on this space. 
Lemma 3. We lzave the following additional properties of M and A. 
(7) b +  = 1. 
(8) H1(M,G) = 0 where 0 is the sheaf of germs of holomorphic func- 
tions on M .  
Proof. According to a theorem of Kodaira (see Kodaira [3], p. 755) 
b+ = 2h2>O + 1 , where h2'0 = dim H'(M, Q2) = dim H~(M,  0) and Q2 is 
the sheaf of germs of holomorphic 2-forms. We want to show that h2'0 = 0. 
Generally we define hPS4 = dimHq(M,QP), where QP is the sheaf of germs 
of holomorphic p-forms. Since M is Kahler we have 
e b, is the nth Betti number of M .  Now we have proved that H ~ ( M )  
'(A) is an isomorphism. But Mayer-Vietoris again shows that H2(A) 
eely generated by the classes of the Ti and hence H ~ M )  is freely generated 
he PoincarC duals of the Ti. But these are all of type (1,l) hence b2 = lz'". 
h2,0 = 0. Since M is Kahler, 2h0" = b, = 0 ,  Q.E.D. 
th each collection of curves A we associate a dual weighted graph 
We call this graph the graph of the compactification. Each vertex 
e graph represents a nonsingular rational curve Ti. Adjacent to each 
write the self-intersection (T;) of the curve r i .  These are called 
eights. If two vertices are joined by a segment this means that the two 
a1 curves they represent intersect. By a branch point we mean a 
which is attached to at  least 3 segments. A graph is linear if it has 
cles or branch points. The following theorem is the main result of 
Theorem P.  The graph of A is linear. 
This result is derived using only the assumptions that A is connected, 
that the pair (M, A) satisfies (1) through (81, and that the fundamental 
group of the boundary of a tubular neighborhood of A is trivial 
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$3. Let the length l(y(A)) of the graphy(A) be the number of vertices 
in the graph (with the notation of $51,2) 
Lemma 4. W e  have tlze following list of possible grnplzs o f  minimn[ 
normal cornpactificntions of '  C 2 :  
~(Y(A)) graph 
Proof. In case l(y(A)) = 1 = I , let p be the self intersection ( A Z ) .  
The fundamental group IT? at co of C 2  is trivial. Hence the fi~ndamentaf 
group of the boundary of a tubular neighborhood of A is trivial. But 
according to Mumford 11-51, generally, the fundamental group of the boiul~- 
dary of a tubular neighborhood of A has generators (e,;.. ,eA) where 
A = U Ti subject to the following relations: 
(b) e.yq . e T q . q .  e;"q= I ,  for I q 5 k 
For 1 = 1 we have one generator e and ep  = 1. Thus II;" = ZlpZ # 1 
unless p = + 1.  But p =; - 1 is not allowed by (4), $1. Thus the first 
statement is true. 
For the second statement we have generators e l ,  e, with relations 
- I .  where ni = ( r? ) .  Thus IIF has generator e, and relation e?'"l  
If I'IY = 1, then it,n2 - 1 = + 1 .  If'nln, = 2, then we have (say) 11, = 1, 
n,  = 2, or n ,  = - 1 ,  n ,  = - 2 .  The case n ,  = - 1 is ruled out by (41, $1. 
The case 11, = 1, 11, = 2 is ruled out by (7), $2. Thus n,n2 = 0 ,  and the 
second statement is true. 
To prove the third statement we refer to another result of Ramanijam 
[7], pp. 78-79. 
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Lemma y. Let A,y(A) be a s  in sections 1 and 2. Then 
(i) The graph y(A) has at least one non-negative weight and at most 
two non-negative weights. 
(ii) If y(A) has exactly one non-negative weight, then l(y(A)) = 1 or 2; 
if l(y(A)) = 1 it is I ,  and if I(y(A)) -- 2 it is 0 .  
(iii) If y(A) has exactly 2 non-negative weights, then the vertices they 
correspond to must be linked and one of them must have weight 0.  
There are only two essentially different graphs with l(y(A)) = 3 .  Accord- 
ing to Lemma y they take the forms 
O n k  n O k  
o-o-o, 0-0-0 
where n 2 0. Consider the first type. Blow up the intersection point of the 
curves corresponding to the vertices with weight 0 and n .  Then blow down 
the proper transform of the curve corresponding to the vertex with weight 
0. Repeat this process n + 1 times. We then get a new manifold M' and 
collection of rational curves A' with graph 
0  -1  k  
o-o-o 
that M' - A' = C 2 .  Contract the curve with self-intersection -1 
t a compactification of C2 by a collection of curves with graph 
+ 1 = - 1,  we blow down the curve with self-intersection k  + 1 
ompactification of C2 by a rational curve with self-intersection 2 
icting the first part of this lemma. Thus k = -1 by the second 
this lemma. But this contradicts (4), 51. Thus the only possibility is 
p the point of intersection of the curve with seIf-intersection n with 
with self-intersection 0 ,  and blow down the proper transform of the 
th self-intersection 0 .  Repeat this n + 1 times to get a compacti- 
of c2 bv a collection of rational curves with graph 
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Then we can get a compactification of c2 by curves with graph 
Either k + n + 1 = -1, which leads to a contradiction, or k = - n  - I .  
Since k = - 1 is not allowed, n > 0 .  Q.E.D. 
Lemma 5. If l(y(A)) = 1 ,  then M is p2 and A = is u line in P2. 
(See also Remmert and Van de Ven 183) 
Proof. Let F = [ r ]  denote the bundle associated to the divisor T, 
Then we have the following exact sequence 
Thus HO(M,O(F)) = C 3 .  Let ( U , )  be an open covering of M and let 
fi = 0 be a local defining equation for r n U , .  Then 4 ,  = i f i }  is a section 
of F .  We can find two other sections +,, 43 so that {4,),, $ , I r )  gives a 
basis for HO(M, O(F l r ) ) .  Let p E M be such that +,(p) = 4 2 ( p )  = 4 3 ( ~ )  = 0. 
Then p e r  and 4,(p) = 4,(p) = 0 .  But one can find a linear form 
I = a$, + b4,  on l7 with l(p) # 0. Thus there is no such p, and 
p % [ $ ~ ~ ( p ) ,  &(p), # ~ ~ ( p ) ]  EP' defines a holomorphic map into P2 .  
We claim 4 is 1-1 (and thus onto). Let q EP', and let L, :C:=, ai l i  = 0, 
L2: C: = Pici = 0 define two distinct lines which intersect at y . Then 
Dl : ~ t ~ 4 ~ ( p )  = 0 ,  D2 : C i3= Pi+,(p) = 0 define two divisors on M 
and = Dl n D,. Since (r2) = I ,  ( D ,  . D,) = 1 .  Suppose Dl and 
D, have a common component D . Then (D,)  < 0. But c(D) = nc(T) where 
c denotes Poincark dual. Thus ( D ~ )  = n2 > 0 .  Hence Dl and D2 have no 
common component. Thus = D, n D2 is one point. Thus 4 is an 
isomorphism. Q.E.D. 
Lemma 6.  A weighted graph of  the form 
cannot occur as the graph of a minimal normal compacfificafion of'CZ. 
Proof. If such a graph occurs, then proceeding as in Lemma 4 we see 
that 
k, k ,  + 1 1 
0-. . .-0- C) 
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is also the graph of a compactification. Then either k l  + 1  = -1 or 
kl + 1 = 0 .  But k ,  = - 1 is not allowed. Continuing, we find that o r + 1  
is a graph of a compactification, contradicting Lemma4. Q.E.D. 
Lemma 7. If 
i s  the graph of a minimal normal compactiJication of C2, then I ,  = - n - 1, 
and n > 0. 
Proof. If we have such a graph, then 
is also the graph of a compactification. Now k, =< -2 ,  and it is posssible 
that k ,  = -2. Then k ,  + 1 = -1,  and 
k,. k , f  1  2 l i + n + l  1, 
0-.. .-o-o-o-. . .- 0 
is the graph of a compactification. Continuing this way we get a graph of 
a minimal normal compactification of the form 
where t 2 0, ki 2 -2, and rn > O .  By Lemma y ,  I ,  + n + 1 = 0 ,  since 
li 5 -2 .  Q.E,D. 
Lemma 8. If 
are graphs of minimal normal compacti$cations of C2, then 
Proof. In the case of the first graph we find that 
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is aIso the graph of a compactification. By Lemma 6, k ,  = - 2 .  Then 
is the graph of a compactification. By repeated applications of Lemma 6 
we get k ,  = . .. = k ,  = - 2 .  In the case of the second graph we find that 
is the graph of a minima1 normal compactification. By Lemma7, I ,  = -2 .  
Then 
1 0 I? 1 r 
0-0-0-.' .-0 
is the graph of a minimal normal compactification, and again 1, = -2 .  
Continuing we get 1 ,  = .+.  = 1, = -2. Q.E.D. 
$4. In the rest of this paper we use the same notation as in the previous 
sections. Our main result is the following. 
Theorem 9. T l ~ e  Jbllo,ving are the  on l y  possible g rup l~s  of minimu1 
normal  cornpactificatioi7s of C Z ,  where we consirier the graphs described 
in Leinrlras 4 and 8 as special cases. (For  the sake of co~npleteness we re- 
produce t hem  here.) These graphs actually occur as graphs of compacti- 
fications. 
(a) o 1 (c) p n .  n > O  
(b) o n ,  n # - 1  o 0 
I 
0 0 I 0 - 1 1 - 1  
(e) 
arbitrary number 
of vertices of 
weight - 2 . 
-2  
-2 
arbitrary number 
weight - 2. 
I 
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arbitrary number 
of vertices of 
i weight - 2 . 
c? - 2  
I 
0 -2 
I 7 j 
I 1 /i, vcrticcs 
I 
0 - 2  
I 
0 - I1 -2  
I 
( 1  -2 1 
I I;, vcrticcs 
J 
I ,  vertices 
0 -2  
I 
0 -15-2 
I 
0 -2 
! 
I 
T >  -2 
! 
I 
I<, vertices 
I 
1 ,  - 2  J 
-2 
I 1 ,  -2 
I 
! 
1 
k, verliccs 
-I,,-2 
arbitrary 11un.tbcr 
of vertices of 
I 
weight - 2 .  
(J -2 
106 RICE UNIVERSITY STUDIES 
The graphs in (a), (b), (c), (d), and (e) are self-explanatory. In graph (f) 
the integers I<,, l j  are non-negative. We allow k ,  = 0, but we want ki > 0 
if i > 1 . The integer I ,  is the number of vertices between the vertex with 
weight - I<, - 2 and the vertex with weight n . The integer I ,  is one more 
than the number of vertices between the vertex with weight -I<, - 2 and 
the vertex with weight --I<, - 2, etc. In graph (f) if there are no vertices of 
weight less than -2  above the vertex of weight n,  then there are no vertices 
below the vertex of weight - n - I . The case in which there are no vertices 
of weight less than -2 above the vertex of weight 17 and in which there 
appear some vertices below the vertex of weight - n -  l is covered by 
graph (g). One has similar remarks about graph (g) and how it is related 
to graph (f). Note that (d) is a special case of (f), (e) is a special case of (g), 
and (c) is a special case of both of them. 
Proof. Let y denote the graph of a ~ninimal normal c~inpactificatio~ 
of C2. We want to show that y has the desired form. The proof goes by 
inditction on I(y). If l ( y )  = 1 ,  2, or 3 we are done by Lemma 4. So suppose 
I(y) > 3 .  According to Lemma 7, y has a subgraph of type 
Suppose the graph y is 
a , ,  - N I  17 0 - - / 1 - I  - I  -h ,  
f, -- . . . 0 ------- ()-- , , -- --- (1- - 0-... -(, a 
If r = 0 or s = 0, tile11 by Lemma 8 we are done. So supppose r > 0, s > 0. 
By blowing up points and contracting curves as in Lemma 4, we find that 
the following graph is a graph of a compactification 
- (1, - o ,  + 1 1 0 - h ,  -b, 
(-)- - " ' - (,- - -(>--O (>--. . .- I J  . 
By Lemma y and the fact that the given graph is minimal, ai  1 2 ,  bj  1 2  
for 1s i 5 r and 1 5 j 5 s .  If a ,  2 3 ,  then - a ,  f l  5 - 2 .  Thrrs by 
Lemma 7, b, = 2. Now by induction the graph has the desired form. If 
a, = 2 ,  let t - 1 5 I- be the largest integer such that a ,  = ... = a,-, = 2 .  
Then the following graph is the graph of a minimal normal compactification 
Thus - b ,  = - t - 1 = - ( t  - 1) - 2 .  In this picture we are assuming 
t I-. Of course it may happen that t = r + 1.  This graph is then 
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d h 2 - = h, = 2 ,  so that the original graph was of type (g). In the 
t case the induction assumption shows that our original graph was of 
(f) or (g). This proves the first part of the theorem. 
r the second part clearly PZ is a minimal normal compactification of 
with graph (a). Let r be a line on P2. If we blow up a point of r we get 
ompactification of CZ with graph 
e blow up the point of intersection of these two curves and then blow 
wn the proper transform of the curve with self-intersection 0 ,  we get 
compactification with graph 
continuing this way wc see that there arc compactifications with graph 
stead of blowing LIP the point of intersection, we blow up some other 
t on the curve with self-intersection 0 ,  we may then blow down the 
r transform of this curve to get a compactification with graph 
We can repeat this process to get a compactification with graph of the 
form 
e take such a compactification with n = 1 ,  we can blow up some 
t on the curve with self-intersection 1 different from the intersection 
e two curves to get a compactification with graph 
We then blow LIP the intersection of the curve of self-intersection 0 wit11 
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the curve of self-intersection - 1. Then blow down the proper transform 
of the curve with self-intersection 0 .  We get a compactification with graph 
Repeating this we get a co~npactification with graph of type (c). Now we 
have show11 in the proof of the first part of the theorem how to reduce a 
colnpactification to one with graph of type (c) (even type (b)). This pro- 
cedure is reversible, so we see that there are colnpactifications of C2 which 
have any graph described in the first part of thc theorem. Q.E.D. 
Lemma 10. All,, 171iilinltrl nor.117~11 iao~np(rctijic.rrliort of' C2 is 1'0fio17~11, 
Proof. Fro111 the proof of the theorem it follows that any compactifi- 
cation M of C2 can be obtained by some sequence of quadratic transfor- 
~natiotls and inverses of quadratic transfortnations from a compactificatioll 
A of C2 by a non-singular rational curve r with (r2) = 1 . By Lerntna 5 
iL7I = P2. Q.E.D. 
Theorem 11. Ally co111pactificc1tio17 of C2 is r ~ ~ t i o n n l .  
Proof. This follows since ally compactification is bi ratiot~ally equiv- 
alent to n minimal normal compactification. Q.E.D. 
Theorem 12. Ally two n7irzi1nal rlorlizal co~~zpact l f i ca f ions  of' C2 with 
i I ~ e  snine gr.ap11 y are  bi l~olornorphiral ly  ~yu ian l en t .  
I'roof. We already know the result for l ( y )  = 1 (Lemma 5). By the 
proof of Theorem 9, ally con~pactificatiorl with graph ' call be obtained 
0-0 
from P2 via compactifications with graphs as follows 
We can find an automorphisni of p2 which sends any line and two given 
points on that line into ally other line and two given points on that line. 
Hence it follows that any two surfaces obtained from P2 by blowing up 
points and blowing down curves in the manner described by (I) are iso- 
morphic. In fact if  M - A  = C' = M I - - A '  where A = T 1 u T 2 ,  
A' = r; u T i ,  and if A and A' both have graph O ' , t h e t lMandM1 
0---0 
are isotnorphic in such a way that Ti  is mapped to r i a n d  r,.n T, is mapped 
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to r; n I?;. Thirs any compactification with graph 0 0 .  IS isotnorphic 
0----0 
to P' x PL . 
n 0 Now considcr any compactificatio~l with graph with 11 < 0. 
0-0 
This compactification can be obtained from a compactification with graph 
O O (= P1 x PI) via the sequence described in (2). 
0-0 
0 0 - 1  - I  -1  - 1  0 -2 - 1  - 1  -2 0 
ctc. (2) O-O--+ 0--0--0-0-0- 0-~'0-i. . 
s all such con~pactifications are isomorphic, and in a way that preserves 
curves of A and sends intersection points into intersection points. 
I7 0 
consider two cornpactifications with graph where J I  > 0 .  
0--0 
show that they are isomorphic in a way that induces an isomorphism 
compactifying curves. We see that any cornpactification with graph 
0 .  is produced froin P' x PI by a secluence of transformations de- 
0 
scribed in (3). 
there is an a~lto~norphisin of P 1  x P1 fixing PI x { O )  and sending 
to (0, b) for a, D # 0 (P1 = C V {m)), we see that ally two mani- 
roduced by a sequence of operations described i l l  (3) are isoinorphic 
' 
we procced by indnction on a .  Any compactifi- 
0--f) 
I1 1 1 - 1  0 ' is ohtaincd froin one with graph 
0-P '7------ 0 
e following sequcncc. 
i l - 1  0 1 2 - 1  - 1  - 1  11 0 
0-0 j(7----a--0 -+0--0 
I1 0 
, the compactifications are P '  bundles over P' (ruled surfaces), 
0-0 
urve with self-intersection 0 is a fiber and the curve with self-intersec- 
is a section (see Safarevi~ [!I]). Thus there is an a~~tomorphism of
n -1  0 
acts on the compactification with graph fixing the curve 
0-- 0 
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with self-intersection rl - 1 and permuting an arbitrary pair of points in the 
curve with self-intersection 0, as long as these points are distinct from the 
point of intersection of these two curves. Thus the compactifications with 
graph O are isomorphic in the required way. 0-0 
0 0 - 1  Next we consider compactifications wirh graph 0 .. 0- .--0 . They are ob. 
tained via the sequence ( 5 ) .  
Since we can find an automorphism of P' x P1 preserving each factor, 
fixing (O,O), permuting an arbitrary pair of points of P' x {0) - ((,00)), 
and also permuting an arbitrary pair of points of (0) x P1 - {(0,0)), 
0 0 -1 
we see that any two compactifications with graph are isomorphic 
0-0----0 in the required way. 
Consider now the sequence 
We see by induction that any two cornpactifications with graph 
k 0 - / < - I  
, k 2 0 are isomorphic in the required way. 
0-0-0 
Next consider the sequence 
-2  -2 -2 - 1  0 0 
... -+ 0 ---- O-...-O-O ---- 0-0 -+ ... 
- - _ v - ~  
n - 1  terms 
3 0-0-. ' .-0- -0----0 -( J . 
L7-2 
rz - 1 terms 
Considering the method of constructing compactifications M with graph 
n 0 
we see thar we can find an automorphism of M perm~tting any 
0-C) 
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two points (#  0) on the curve withself-intersection n and fixing the curve 
with self-intersection 0. Thus the sequence described in (7) uniquely deter- 
mines the compactificatioris with graph 
lere k can bc any integer. 
nsideririg the induction proof of Tlieorern 9 and the facts jusl proved 
see that all minimal normal compactification of c2 are uniquely detcr- 
by their graphs. Q.E.D. 
We append lierc a list of open problems. 
Let M be compact, coniplex, of dimension 1 1 ,  1st  A c M ,  A = u TI, 
11 Ti a non-singular hypersulface and tile TI intersect normally. Suppose 
1 .  Is Ti = P"- for each i? 
2. Is M algebraic? 
3. Is M birationnlly equivalent to P"'! 
4. In case M - 11 is some simple afine variety, what can ortc say about 
hl, A? 
5 .  What invariants should one LISC to clsi5sify compactilications of C"? 
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